Fractional charge in the noise of Luttinger liquid systems 
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ABSTRACT 

The current noise of a voltage biased interacting quantum wire adiabatically connected to metallic leads is 
computed in presence of an impurity in the wire. We find that in the weak backscattering limit the Fano factor 
characterizing the ratio between shot noise and backscattering current crucially depends on the noise frequency 
to relative to the ballistic frequency vp/gL, where Vp is the Fermi velocity, g the Luttinger liquid interaction 
parameter, and L the length of the wire. In contrast to chiral Luttinger liquids, the noise is not only due to the 
Poissonian backscattering of fractionally charged quasiparticles at the impurity, but also depends on Andreev- 
type reflections of plasmons at the contacts, so that the frequency dependence of the noise needs to be analyzed 
to extract the fractional charge e* = eg of the bulk excitations. We show that the frequencies needed to see 
interaction effects in the Fano factor are within experimental reach. 
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1. INTRODUCTION 

Shot noise measurements are a powerful tool to observe the charge of elementary excitations of interacting electron 
systems. This is due to the fact that in the Poissonian limit of uncorrelated backscattering of quasiparticles from 
a weak impurity, the low frequency current noise is directly proportional to the backscattered charge. 1 This 
property turns out to be particularly useful in probing the fractional charge of excitations in one-dimensional 
(ID) electronic systems, where correlation effects destroy the Landau quasiparticle picture and give rise to 
collective excitations, which in general obey unconventional statistics, and which have a charge different from 
the charge e of an electron. 2 In particular, for fractional quantum Hall (FQH) edge state devices, which at 
filling fraction v = 1 /m (m odd integer) are usually described by the chiral Luttinger liquid (LL) model, it has 
been predicted that shot noise should allow for an observation of the fractional charge e* = ev of backscattered 
Laughlin quasiparticles. 3 Indeed, measurements at v = 1/3 performed by two groups at the Weizmann Institute 
in Israel 4 and at the CEA-Saclay in France 5 have essentially confirmed this picture. 

The question arises whether similar results can be expected also for non-chiral LLs, which are believed to 
be realized in carbon nanotubes 6 and single channel semiconductor quantum wires. 7 Although a non-chiral LL 
can be modelled through the very same formalism as a pair of chiral LLs, some important differences between 
these two kinds of LL systems have to be emphasized. In particular, in chiral LL devices right- and left-moving 
charge excitations are spatially separated, so that their chemical potentials can be independently tuned in a 
multi-terminal Hall bar geometry. In contrast, in non-chiral LL systems, right- and left-movers are confined to 
the same channel, and it is only possible to control the chemical potentials of the Fermi liquid reservoirs attached 
to the ID wire. This in turn affects the chemical potentials of the right- and left-moving charge excitations in 
a non-trivial way depending on the interaction strength, and implies crucial differences between chiral and non- 
chiral LLs, for instance, the conductance in the former case depends on the LL parameter g = v, s while in the 
latter case it is independent of g. 9-11 Hence, the predictions on shot noise properties of FQH systems can not 
be straightforwardly generalized to the case of non-chiral LLs, which therefore deserve a specific investigation. 
Previous theoretical calculations of the shot noise of non-chiral LL systems have shown that, even in the weak 
backscattering limit, the zero frequency noise of a finite-size non-chiral LL does not contain any information 
about the fractional charge backscattered off an impurity, 12 ' 13 but is rather proportional to the charge of an 
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electron. This result, as well as the above mentioned interaction independent DC conductance, prevents easy 
access to the interaction parameter g. 

On the other hand, a quantum wire behaves as an Andreev-type resonator for an incident electron, which 
is transmitted as series of current spikes. 9 The reflections of charge excitations at both contacts are called 
Andreev-type reflections because they are momentum conserving as ordinary Andreev reflections. 9 ' 14 Since 
the transmission dynamics in the Andreev-type resonator depends on g, finite frequency transport can resolve 
internal properties of the wire. This is, in fact, the case for the AC conductance. 9 ' 11 ' 15 However, finite frequency 
conductance measurements are limited in the AC frequency range since the frequency must be low enough to 
ensure quasi-equilibrium states in the reservoirs in order to compare experiments to existing theories. The better 
alternative is to apply a DC voltage and measure finite frequency current noise. Exploring the out of equilibrium 
regime, we have recently shown that the noise induced by an impurity as a function of frequency has a periodic 
structure with period 2ttujl, where Wi = vp/gL is the inverse of the traversal time of a charge excitation with 
plasmon velocity vf/9 through the wire of length L. 16 The Fano factor oscillates, and we demonstrate that 
by averaging over 2fu>l, the effective charge e* = eg can be extracted from noise data. The interplay between 
the Andreev-type reflections and the backscattering of charge excitations at the impurity yields, in fact, many 
interesting phenomena both for the DC current as well as the finite frequency noise. As far as the DC current 
is concerned, the most remarkable feature is the appearance of oscillations as a function of eV/TiuiL, where V is 
the applied voltage bias. 17 For the finite frequency excess noise, we have found regions of negativity showing 
interesting patterns which dramatically depend on the electron-electron interaction strength in the wire and are 
fundamentally different from their non-interacting counterparts. 18 



2. INHOMOGENEOUS LUTTINGER LIQUID MODEL 

In order to analyze the noise of non-chiral LLs, it is useful to study the inhomogeneous LL model, schematically 
illustrated in Fig. 1, which takes the finite length of the interacting wire and the adiabatic coupling to the Fermi 
liquid leads explicitly into account. 9, 10 This model is governed by the Hamiltonian 

H = Ho + Hb + , (1) 

where Ho describes the interacting wire, the leads and their mutual contacts, Hb accounts for the electron- 
impurity interaction, and Hy represents the coupling to the electrochemical bias applied to the wire. Explicitly, 
the three parts of the Hamiltonian read 



H,. = ^y- / rf.r 



J — ( 



n2 + T^(^) 5 



(2) 



1 

g 2 (x) 

Hb = Acos[\/4^$(xo,t) + 2fc F a;o] , (3) 
Hy = / ?=Ln{x)d x *{x,t). (4) 

Here, <f>(x,t) is the standard Bose field operator in bosonization and TL(x,t) its conjugate momentum density. 19 
The Hamiltonian Ho describes the (spinless) inhomogeneous LL, which is known to capture the essential physics 
of a quantum wire adiabatically connected to metallic leads. The interaction parameter g(x) is space-dependent 
and its value is 1 in the bulk of the non-interacting leads and g in the bulk of the wire (0 < g < 1 corresponding 
to repulsive interactions). The variation of g(x) at the contacts from 1 to g is assumed to be smooth, i.e. to 
occur within a characteristic length L c fulfilling Xp <C L c <C L, where Xf is the electron Fermi wavelength. The 
specific form of the function g{x) in the contact region is expected not to influence physical properties for all 
energy scales below %vf/L c . A recent analysis performed on a lattice model version of the inhomogeneous LL 
has confirmed this hypothesis. 20 Since the energy regime E > hvp/L c goes beyond the interest of the present 
work *, we shall, henceforth, adopt a step-like function, cf. Fig. 1. 

"Transport properties of a ID interacting quantum dot, where energies of order Tivf/L c are important, have been 
analyzed in Ref. 21. 




Figure 1. The upper part of the figure shows a quantum wire with an impurity adiabatically coupled to Fermi liquid 
leads. In order to allow for a finite bias, the leads are held on different electro-chemical potentials and /j,r. The middle 
part of the figure shows the actual variation of the LL parameter g along the wire-leads system in the inhomogeneous LL 
model, and the lower part of the figure its simplification under the assumption that Af € £ c < L. 

The Hamiltonian TLb is the dominant 2kp backscattering term at the impurity site xq, and introduces a 
strong non-linearity in the field the forward scattering term caused by the impurity has been omitted since it 
does not affect the statistics of the current. Finally, Eq. (4) contains the applied voltage. In most experiments 
leads are normal 2D or 3D contacts, i.e. Fermi liquids. However, since we are interested in properties of the 
wire, a detailed description of the leads would in fact be superfluous. One can account for their main effect, 
the applied bias voltage at the contacts, by treating them as non-interacting ID systems (g — 1), as mentioned 
above. The only essential properties originating from the Coulomb interaction that one needs to retain are (i) 
the possibility to shift the band-bottom of the leads, and (ii) electroneutrality. 13 Therefore, the function 
appearing in Eq. (4), which describes the externally tunable electrochemical bias, is taken as piecewise constant 
fi(x < —L/2) = fii,, n(x > L/2) = [iji corresponding to an applied voltage V = (fiL — A*fl)/ e - 111 contrast, 
the QW itself does not remain electroneutral in presence of an applied voltage, and its electrostatics emerges 
naturally from Eqs. (2)-(4) with (j, = for \x\ < L/2. 11 ' 22 

3. TRANSPORT PROPERTIES 

In this section, we discuss the features of the average current and the current noise of the system depicted in 
Fig. 1. The former reads 

I={j(x,t)), (5) 

where the current operator is related to the Bose field <I> through j(x,t) = — (e/^/n)dt^(x 1 t). Then, the latter, 
i.e. the finite frequency noise, is given by 

/oo 
dte iut {{Aj(x,t),Aj(y,0)}) , (6) 
-oo 

where { , } denotes the anticommutator and Aj(x,t) = j(x,t) — (j(x,t)) is the current fluctuation operator, < 
Since we investigate non-equilibrium properties of the system, the actual calculation of the averages of current 
and noise are performed within the Keldysh formalism. 24 

The average current I can be expressed as / = Iq — Zbs, where Io = (e 2 /h)V is the current in the absence of 
an impurity, and Jbs is the backscattering current. For arbitrary impurity strength, temperature, and voltage, 

^The low frequency noise (with ujx/vF,ujy/vF ^ 1) does not depend on the spatial coordinates x and y. This is, 
however, not true anymore at high frequencies. 23 



the backscattering current can be written in the compact form 

lBs(x,t) = \- \ dt'a {x,t;x ,t')(j B (xo,t'))^ , (7) 

e J — oo 

where a (x,t; x ,t') is the non-local conductivity of the clean wire. 9 ' 11 ' 15 In Eq. (7), we have introduced the 
"backscattering current operator" 

where Ao(xo, t) is a shift of the phase field emerging when one gauges away the applied voltage. For a DC voltage 
this shift simply reads Aq{xq,€) = uj^t /2y/n with loq = eV/fi and /bs does not depend on x and t. Furthermore, 
we have introduced a "shifted average" (. . .)_», which is evaluated with respect to the shifted Hamiltonian 

H^ = H m+H B [^ + A }. (9) 

A straightforward though lengthy calculation shows that the finite frequency current noise (6) can (again for 
arbitrary impurity strength, temperature, and voltage) be written as the sum of three contributions 

S(x, y; uj) = S (x, y; ui) + S A (x, y; ui) + S c {x, y; uj) . (10) 

The first part of Eq. (10), Sa(x,y;cu), is the current noise in the absence of a backscatterer, and can be related 
to the conductivity <To(x,y;u>) by the fluctuation dissipation theorem 25 

Sq(x, y; uj) — 2Hlj coth (777— 77; ) 5?[oo(x, y, w )] ■ (11) 
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The conductivity can be expressed by the Kubo formula ao(x,y;uj) — 2(e 2 //i)u;C ( f (x, y; uj), where 

/•OO 

C*(x,y;uj)= dte^ t (mx,t),<f(y,0)]) Q (12) 
Jo 

is the time-retarded correlator of the inhomogeneous LL model in the absence of an impurity. It is important to 
note that usually the relation (11) is only valid in thermal equilibrium, and the Kubo formula is based on linear 
response theory. However, due to the fact that in the absence of an impurity the current of a quantum wire 
attached to Fermi liquid reservoirs is linear in the applied voltage, 9 ' 11 Eq. (11) is also valid out of equilibrium. 

The other two terms in Eq. (10) arise from the partitioning of the current at the impurity site and reflect the 
statistics of the backscattering current. The second term is related to the anticommutator of the backscattering 
current operator j B , and reads 

1 / h \ ^ 

S A (x,y;uj) = - f — J <7 a (x,x ;uj)f A (xo,u;)a a (xo,y;-uj) (13) 

with 

/>oo 

f A (x ,uj)= dte wt ({Aj B (x Q ,t),Aj B (x a ,0)})^ , (14) 



where Aj B (x,t) = j B (x,t) — (j B (x,t))^. Finally, the third part of Eq. (10) is related to the time-retarded 
commutator of j B and can be expressed as 

Sc(x,y;u>) = -^j- {s {x,x ;u;)fc(xo, -uj)a (x ,y; -uj) - S (y,x ; -uj)f c (x ,uj)ao(xo,x;uj)^ (15) 

with 

fc(x ,oj) = / dt (e iut - 1) (\j B (xo,t),j B (xo,0)]U ■ (16) 
Jo 

The fractional charge is expected to emerge only in the limit of weak backscattering through the ratio between 
shot noise and backscattering current. We thus focus on the case of a weak impurity, retaining in the expressions 
(7) and (10) only contributions of second order in the impurity strength A. Furthermore, we concentrate on the 
shot noise limit of large applied voltage eV » {k B T,huj 7 hujL}- Properties of the equilibrium current noise at 
finite frequency and temperature are discussed in detail in Ref. 18. 




Figure 2. The periodic function F(u)), which determines the Fano factor, is shown as a function of lu/2hujl, for the case 
of an impurity at the center of the wire (xo = 0) and three different values of the interaction strength: g = 0.25 (solid), 
g — 0.50 (dashed), and g — 0.75 (dotted). In the regime u/ujl <C 1, the function tends to 1 independent of the value of 
g, but for uj ~ ujl the curve strongly depends on the interaction parameter g. In particular, g can be obtained as the 
average over one period. 



4. FANO FACTOR 

The backscattering current (7) may be written as /bs = (e 2 /h)TZV, where 1Z is an effective reflection coefficient. 
Contrary to a non-interacting electron system, 1Z depends on voltage and interaction strength. 8 ' 17 In the weak 
backscattering limit TZ -C 1, and its actual value can readily be determined from a measurement of the current 
voltage characteristics. Importantly, in the shot noise regime, i.e. for eV 3> {ksT, Tilo, Jiujl}, the noise can be 
shown to be dominated by the second term in Eq.(10) and to take the simple form 18 

S(x,x;u)c-2eF(u)lB3, (17) 
where x = y is the point of measurement (in either of the two leads) . The Fano factor 

/i 2 

F{uo) = —\a Q {x,x -Lu)\ 2 (18) 

e 4 

is given in terms of the non-local conductivity uq(x, xq] to) relating the measurement point x to the impurity 
position xo, and reads explicitly 

l + 7 2 + 2 7 cosf^±i^) N ) 

F( U ) = (1 - 7 ) 2 V "\ J ■ (19) 

l+ 7 4 - 2 7 2 cos(^J 

The latter expression is, in fact, independent of the point of measurement x and of temperature. On the other 
hand, it depends, apart from the frequency oj, on the (relative) impurity position £o = xq/L, and the interaction 
strength through 7 = (1 — g)/(l + <?). 

The result (17) shows that the ratio between the shot noise and the backscattering current crucially depends 
on the frequency regime one explores. In particular, for ui — > 0, the function F tends to 1, independent of the 



value of the interaction strength. Therefore, in the regime uj <C wl the observed charge is just the electron 
charge. In contrast, at frequencies comparable to the behavior of F as a function of uj strongly depends on 
the LL interaction parameter g, and signatures of LL physics emerge. This is shown in Fig. 2 for the case of an 
impurity located at the center of the wire. Then, F(oj) is periodic, and the value at the minima coincides with 
g 2 . Importantly, g is also the mean value of F averaged over one period 2ttujl, 

(S(x, x- u)) u = - / S(x, x- uj) ~ 2e ff / B s , (20) 

where the approximation (17) has been used to describe S(x, x; uj). Seemingly, Eq. (20) suggests that quasipar- 
ticles with a fractional charge e* = eg are backscattered off the impurity in the quantum wire. 

Let us discuss the physical origin of this appearance of fractional charge: We first consider the case of an 
infinitely long quantum wire. In the limit L — > oo, i.e. ll>l — > 0, £o — > 0, the function F(u>) becomes rapidly 
oscillating and its average over any finite frequency interval approaches g. Hence, we recover in this limit the 
result for the homogeneous LL system, 3 where the shot noise is directly proportional to the fractional charge 
e* = ge backscattered off the impurity. However, as shown above, the value of the fractional charge e* can 
be extracted not only in the borderline case w > Wi, but already for frequencies to of order ujl- This is due 
to the fact that, although the contacts are adiabatic, the mismatch between electronic excitations in the leads 
and in the wire inhibits the direct penetration of electrons from the leads into the wire; rather a current pulse 
is decomposed into a sequence of fragments by means of Andreev-type reflections at the contacts. 9 These 
reflections are governed by the coefficient 7 = (1 — g)/(l + g), which depends on the interaction strength. The 
zero frequency noise is only sensitive to the sum of all current fragments, which add up to the initial current 
pulse carrying the charge e. However, when 2k /uj becomes comparable to the time needed by a plasmonic 
excitations to travel from the contact to the impurity site, the noise resolves the current fragmentation at the 
contacts. The sequence of Andreev-type processes is encoded in the non-local conductivity <jq{x, xq; uj) relating 
the measurement point x and the impurity position xo- This enters into the Fano factor (18) and allows for an 
identification of e* from finite frequency noise data. 

When the impurity is located away from the center of the wire, F(u) is no longer strictly periodic, as shown 
in Fig. 3. In that case, the combined effect of Coulomb interactions and an off-centered impurity can lead to 
a very pronounced reduction of the Fano factor for certain noise frequencies (see Fig. 3). Moreover, even if the 
impurity is off-centered, the detailed predictions (17) and (19) should allow to gain valuable information on the 
interaction constant g from the low frequency behavior of the Fano factor determined by 

F(.) = 1 - (1 - . 9 2 ) (l + V&d + Co)) (g) 2 + (-£) 4 . (21) 

Finally, we would like to specify in more detail the parameter range for the validity of the relation (17). It turns 
out that the optimal voltage and temperature regime to extract (17) from the expression (10) for the full noise 
depends on the strength of the electronic correlations in the wire. 18 In Fig. 4, we illustrate two characteristic 
cases, namely g = 0.75 (as appropriate for semiconductor quantum wires) and g = 0.25 (as appropriate for 
metallic single- wall carbon nanotubes). The figure shows that the shot noise approximation (17) underestimates 
the full noise (10) even at large applied voltages. However, once a background noise 

*BG = ^COth(^) (22) 

has been subtracted from the full noise, which is done in order to obtain the (blue) dashed curve in Fig. 4, the 
approximation (17) and S(x, x; uj) — Sbg agree within a few percent. The agreement becomes better the weaker 
the interactions. This is due to the fact that, in the weak interaction regime, the reflection coefficient of the 
Andreev-type processes is rather small and, therefore, the interference patterns in transport properties of the 
system are less pronounced. 




Figure 3. The Fano factor F(ui) is shown for the interaction strength g = 0.25 and three different values of the (relative) 
impurity position £o = Xo/L: £o = (solid), £o = 0.10 (dashed), and £o = 0.25 (dotted). The combined effect of 
strong interactions and an off-centered impurity yields a very pronounced suppression of the Fano factor for certain noise 
frequencies. 



5. CONCLUSIONS 

The finite frequency noise of an interacting quantum wire coupled to Fermi liquid leads has been analyzed using 
the Keldysh technique for the inhomogeneous Luttinger liquid model. It has been shown that the interplay 
between pure interaction effects of the wire itself and the boundary effects at the crossover points between the 
wire and the leads results in non-trivial features of the transport properties of the system. The appearance of 
fractional charge e* = eg in the finite frequency noise of non-chiral LLs is solely due to a combined effect of 
backscattering of bulk quasiparticles at the impurity and of Andreev-type reflections of plasmons at the interfaces 
of wire and leads. The fractional charge e* can be extracted from the noise by averaging it over a frequency 
range of size ttlul in the out of equilibrium regime. For single-wall carbon nanotubes we know that g sa 0.25, 
vf ~ 10 5 m/s, and their length can be up to 10 microns. Thus, we estimate itojl ~ 100 GHz ... 1 THz, which is 
a frequency range that seems to be experimentally accessible. 26 ' 27 Moreover, the requirement eV ^> Huil should 
be fulfilled in such systems for eV » 10 ... 50 meV, a value which is well below the subband energy separation of 
about 1 eV. Finally, we mention that similar oscillations as the ones predicted by us for the Fano factor of the 
finite frequency noise of a quantum wire with an impurity have recently been reported for the noise of a setup 
in which an STM tip allows for electron tunneling into a clean interacting quantum wire. 28 
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